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We study the competition between the Kondo effect and the exchange interaction in the parallel
double quantum dot(DQDs) system within an effective action field theory. The strong on-site
Coulomb interactions in DQDs are treated by using the Hubbard-Stratonovich transformation and
the introduction of scalar potential fields. We show that a self-consistent perturbation approach,
which takes into account the statistical properties of the potential fields acting on the electrons in
DQDs, describes well the crossover from the Kondo regime to the spin-singlet state in this system.
The linear conductance and the intradot/interdot spin excitation spectra of this system are obtained.
PACS numbers: 73.21.La, 72.15.Qm, 71.70.Gm
I. INTRODUCTION
The quantum transport through semiconductor quan-
tum dots1,2 has attracted great research attentions in re-
cent decades, because of many interesting physical phe-
nomena, e.g., the Coulomb blockade effect,3 the Kondo
effect,4–6 non-Fermi liquid states,7 etc., observed in these
systems and also their possible applications in building
new generation nanoscale electronic devices. The strong
Coulomb interaction of electrons in nanoscale structures
poses a great challenge for the theoretically treatment.
A variety of theoretical methods have been applied to
study the transport properties of QD systems both in
the linear response region and the nonlinear out-of equi-
librium case, including the numerical renormalization
group (NRG) method,8 impurity-DMFT,9 the functional
RG approach,10 the noncrossing approximation,11 the
fluctuation exchange approximation (FLEX),12–14 and
continuous-time Monte Carlo methods,15 etc. These
methods all have achieved some remarkable successes but
also with different limitations. For instance, the NRG
method excellently describes the Kondo effect at low tem-
perature, which is a paradigm strong correlated effect
arising from the spin exchange interaction between elec-
trons localized in QDs and the conduction electrons in
the metallic leads, but it is difficult to study out-of equi-
librium transport properties within this method.
In this work we will study the electron transport
through a parallel DQD system by using a self-consistent
perturbation method within the two-particle-irreducible
(2PI) effective action field theory/Kadanoff-Baym’s Φ-
functional theory.16–18 This method has recently been
applied to study the transient current behaviors of the
single Anderson impurity model.19,20 We will show that
the effective action field theory based on the Hubbard-
Stratonovich transformation does capture the main fea-
tures of strong correlation effects in DQDs, and correctly
describes the competition between the Kondo correla-
tion and the exchange interaction in the ground state
of this system. One benefit of this method is that it
can be readily generalized to high dimensional correlated
electron systems. For parallel DQDs connected to the
same source and drain leads, the quantum phase tran-
sitions in this system have been investigated in some
previous works.12,21–25 It is known that without inter-
dot tunnel coupling a ferromagnetic spin exchange inter-
action between DQDs meditated by tunneling to leads
is generated, and leads to the underscreened Kondo ef-
fect and singular Fermi liquid behaviors26 at low tem-
perature. With increasing the interdot tunnel coupling,
a quantum phase transition from the Kondo regime to
a spin singlet state is found in the ground state. Both
of the strong Coulomb interaction and the Fano interfer-
ence effect greatly influence the linear conductance of this
system.24 In the present work, we will consider a parallel
DQD system in another configuration (shown schemati-
cally in Fig. 1): A DQD system with interdot tunneling
coupling and each of two QDs connected to its own source
and drain leads. This kind of DQD systems have also
attracted a lot of research interests due to the possible
existence of the orbital Kondo effect,27,28 the complex
quantum phase transitions29,30 and the Coulomb drag
effect31–33 when DQDs have solely the spin exchange in-
teraction or the capacity coupling. It was pointed out
that the quantum phase transition in this DQD system
is unstable to the charge transfer between two QDs.29
II. EFFECTIVE ACTION AND THE METHOD
We describe the electron transport through the DQDs
by a two-impurity Anderson model. Within the path-
integral formulation on the closed-time Keldysh contour,
the action of this model is given by
Γ =
∫
C
dt
∑
i,σ
[
d†iσ(i
∂
∂t
− iσ)diσ − Uni↑ni↓
]
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2FIG. 1. The schematic diagram of the double quantum dot
system.
+
∑
k,i,ηi,σ
[
c†kηiσ(i
∂
∂t
− kηi)ckηiσ − (vkηic†kηiσdiσ + H.c.)
]
− tc
∑
σ
(d†1σd2σ + d
†
2σd1σ)
}
, (1)
where i ∈ {1, 2} denotes two different QDs, σ ∈ {↑, ↓} is
the electron spin index, and ηi denotes the left and right
leads coupled to the ith-QD (ηi = Li, Ri). diσ(d
†
iσ) and
ckηiσ(c
†
kηiσ
) are the Grassmann variables for the electron
operators of QDs and leads, respectively. vkηi describes
the tunneling matrix element between the lead and the
QD. U is on-site Coulomb interaction strength. tc is the
interdot tunnel coupling. By integrating out the Grass-
mann variables of the leads and making the Hubbard-
Stratonovich transformation for the Coulomb interaction
term, we can obtain an effective action for the QD vari-
ables
Γeff =
∫
C
dt
∫
C
dt′
∑
i,σ
d†iσ(t)
[
(i
∂
∂t
− iσ − φiσ)δc(t− t′)
− Σ(0)i (t, t′)
]
diσ(t
′) +
∫
C
dt
[
1
U
∑
i
φi↑φi↓
− tc
∑
σ
(d†1σd2σ + d
†
2σd1σ)
]
, (2)
Here Σ
(0)
i (t, t
′) ≡ ∑kηi |vkηi |2gkηi(t, t′) is a self-energy
term of the ith QD induced by the tunnel coupling with
the leads, with gkηi(t, t
′) being the bare GF of the lead
ηi. The scalar field φiσ, which represents the fluctuating
potential acting on electrons in the QD, is introduced by
the Hubbard-Stratonovich transformation. One can re-
place the field φiσ in the effective action as the sum of its
mean value and the fluctuation part: φiσ = 〈φiσ〉+ δφiσ,
where the time-dependent scalar field δφiσ is introduced
to describe the fluctuation of the potential field. In order
to simplify the notation, we introduce a two component
Fermi field dσ ≡
(
d1σ
d2σ
)
and a four component scalar
field δφ ≡
 δφ1↑δφ1↓δφ2↑
δφ2↑
. Then the effective action can be
written as
Γeff =
∫
C
dt
∫
C
dt′
[∑
σ
d†σ(t)G
−1
0σ (t, t
′)dσ(t′)
+
1
2
δφT (t)D−10 (t, t
′)δφ(t′)
]
+
1
U
∫
C
dt
∑
i
〈φi↑〉〈φi↓〉
+Iint(d
†
iσ, diσ, δφiσ) . (3)
where the inverse of the bare GF for the Fermi field is
given by:
G−10σ (t, t
′) =
[
i ∂∂t −
(
1σ + 〈φ1σ〉 tc
tc 2σ + 〈φ2σ〉
)
δc(t− t′)
−
(
Σ
(0)
1 (t, t
′) 0
0 Σ
(0)
2 (t, t
′)
)]
, and that of the bare GF of
the scalar field is: D−10 (t, t
′) = 1U
 0 1 0 01 0 0 00 0 0 1
0 0 1 0
 δc(t−t′).
The last term in Eq.(3) is the interaction action term
Iint given by
Iint = −
∫
C
dt
∑
i,σ
δφiσ(d
†
iσdiσ − 〈niσ〉) . (4)
where the expectation value of the spin-resolved dot oc-
cupation number 〈niσ〉 is related to the mean value of
the potential field: 〈φiσ¯〉 = U〈niσ〉.
FIG. 2. (a) The Feynman diagram for the second-order per-
turbation term in the effective action; (b)The Feynman dia-
grams for the self energies of the Fermi field and the scalar
potential field.
Now we will treat the interaction term by using a self-
consistent perturbation method. Within the 2PI effec-
tive action theory, one introduces self-energies Σσ and Π
for the Fermi field and the scalar potential field, respec-
tively. Then the inverses of the full GFs can be written
as: G−1σ (t, t
′) = G−10σ (t, t
′) − Σσ(t, t′); and D−1(t, t′) =
3FIG. 3. The self-energies for DQDs with interdot tunneling
coupling. (a) and (b) The intradot and interdot self-energies
for the Fermi field, respectively; (c) and (d) The intradot
and interdot self-energies of the scalar potential field. The
parameters for the model: 1 = 2 = −U/2, U/Γ = 5.0, and
tc = 0.5.
D−10 (t, t
′)−Π(t, t′). Here the self-energy Σσ is in a 2× 2
matrix form: Σσ =
(
Σ11σ Σ
12
σ
Σ21σ Σ
22
σ
)
, and the self-energy Π
is a 4× 4 matrix: Π =
(
Π11σσ′ Π
12
σσ′
Π21σσ′ Π
22
σσ′
)
, with spin indexs
σ, σ′ ∈ {↑, ↓}. Following a standard procedure19,20, one
can obtain the 2PI effective action as
Γ[G,D, 〈φ〉] = −iTr[lnG−1 +G−10 G] +
1
U
Tr(〈φi↑〉〈φi↓〉)
+
i
2
Tr[lnD−1 +D−10 D] + Γ2[G,D] + const. , (5)
where the trace Tr means sums over the necessary spin
index or dot index, and also the integral on the closed-
time Keldysh contour. Γ2[G,D] contains all closed
2PI diagrams obtained from the the expectation value
functional of the interaction action term: exp(iΓ2) =
〈exp(iIint)〉. The lowest-order contribution to the ef-
fective action comes from the connected Feynman dia-
gram of the second-order term Γ2 ≈ i2 〈I2int〉c, as shown
schematically in Fig. 2(a). It reads
Γ2[G,D] = −1
2
∫
C
dt
∫
C
dt′
∑
i,j,σ
Gij,σ(t, t
′)Gji,σ(t′, t)
Dij,σσ(t, t
′) . (6)
Then the stationarity conditions of the effective action
lead to a set of self-consistent equations. For instance, the
condition δΓ/δ〈φiσ¯〉 = 0, gives the self-consistent equa-
tion of the potential field: 〈φiσ〉 = −iUGii,σ¯(t, t+). The
self-consistent equation for the electron self-energy is
Σijσ (t, t
′) = −i δΓ2[G,D]
δGji,σ(t′, t)
= iGij,σ(t, t
′)Dij,σσ(t, t′) ,
(7)
and the self-energy of the scalar potential field
Πijσσ(t, t
′) = 2i
δΓ2[G,D]
δDji,σσ(t′, t)
= −iGij,σ(t, t′)Gji,σ(t′, t)
(8)
and Πijσσ¯(t, t
′) = 0. The corresponding Feynman dia-
grams of the self-energies are plotted in Fig. 2(b).
FIG. 4. (a) The density of state of the quantum dots with
different interdot tunnel coupling tc; (b) The linear conduc-
tance G vs. the interdot tunnel coupling tc.
III. NUMERICAL RESULTS AND DISCUSSION
We first obtain the self-energies and also the dressed
GFs for the Fermi field and the scalar potential field by
solving the self-consistent equations numerically with the
fast Fourier transform (FFT) method. A DQD system
at zero temperature with degenerate dot levels and sym-
metric couplings to the left and the right leads is consid-
ered. The hybridization strength between the dots and
4FIG. 5. (a) The imaginary part of the intradot spin corre-
lation function; (b) The imaginary part of the interdot spin
correlation function; (c) The static spin correlation 〈Sz1Sz2 〉
vs. the interdot tunnel coupling tc.
the leads is denoted as Γ. In our calculation we take the
model parameters: Γ = 1, U = 5.0, 1 = 2 = −U/2,
thereby the system has the particle-hole symmetry. In
the equilibrium case, the chemical potentials of leads are
assumed as µLi = µRi = 0 .
In Fig. 3 we plot the self-energies of the retarded GFs
for the Fermi field and the potential field. DQDs with a
particular value of interdot tunnel coupling tc are consid-
ered. It is noted that the self-energy terms contain both
the intradot parts and interdot parts, and they exhibit
quite different structures in their frequency dependent
properties. It is interesting to notice that the real part
of the intradot self-energy for the scalar potential field
shows a broad dip structure in the low frequency region,
whereas the real part of the interdot self-energy of the
scalar potential field shows a broad peak structure. This
broad peak and dip structures represent important sta-
tistical properties of the scalar potential fields emerged
from the strong on-site Coulomb interaction.
The local density of states (LDOS) in each dot can
be easily obtained from the dressed GF: ρiσ(ω) =
−ImGrii,σ(ω)/pi. In Fig. 4(a) the LDOS ρiσ(ω) for DQDs
with different interdot tunnel coupling tc are plotted. In
the absence of interdot tunneling (tc = 0), the LDOS for
each of two QDs exhibits a sharp peak in zero frequency
regime because of the Kondo effect. With increasing the
interdot tunnel coupling tc, the Kondo effect is gradually
suppressed. Beyond some critical value of tc, a two side-
peak structure of LDOS is observed in the low frequency
region, which can be regarded as the formation of a spin
singlet state between electrons located in DQDs.
When a bias voltage is symmetrically applied to the
leads (with µLi = −µRi = ∆µ/2), the total linear con-
ductance G of this system can be calculated by using the
formula: G = e
2
h
∑
σ Tr[−ΓImGσ(ω = 0)]. In Fig. 4(b)
one can see that in the absence of interdot tunneling, the
conductance G reaches the unitary limit G = 4e2/h for
this two independent channel system. We find that the
conductance decreases continuously with the increasing
of the interdot tunnel coupling tc. Thereby the transi-
tion of the ground state of this DQDs from the Kondo
regime to the spin singlet state will be a smooth crossover
and this system doesn’t display any abrupt quantum
phase transitions, which is in agreement with the con-
clusion obtained from the conformal field theory and RG
approach.29 The reason might be the presence of effective
charge transfer processes between two different electron
transport channels in the effective Hamiltonian for the
low-energy excitations.29
In order to ensure that a spin singlet is formed in the
ground state for the system with large interdot tunnel
coupling, we examine both the intradot and interdot spin
correlation functions in DQDs. The spin correlation func-
tions will be defined as χzzij (t, t
′) ≡ −i〈TcSzi (t)Szj (t′)〉,
where the z-component of the spin operator in the
QD Szi = (ni↑ − ni↓)/2. To obtain correlation func-
tions of spin operators, one has to calculate various
correlation functions of spin-resolved number operators
〈Tcδnσ(t)δnσ′(t′)〉. We make the RPA approximation in
our calculation of correlation functions 〈Tcδnσ(t)δnσ′(t′)〉
by using a functional derivative method,34 and here the
RPA approximation is equivalent to only consider vertex
correction terms contributed from the functional deriva-
tives of the Hartree term U〈nσ¯〉 in the self-energy of GFs
with respect to external potential fields. The numerical
results for the intradot and the interdot spin dynamics
are plotted in Fig.5 (a) and (b). Without the interdot
tunnel coupling (tc = 0), the imaginary part of the in-
tradot retarded spin correlation function Imχzz,r11 (ω) has
a sharp peak in the energy scale of the Kondo tempera-
ture TK , which is a characteristic of the spin excitation
spectrum in the Kondo regime. Since two QDs are decou-
pled in this case, the interdot spin correlation function
Imχzz,r12 (ω) is exactly zero as shown in Fig. 5 (b). For
the system with interdot tunneling (tc 6= 0), the intradot
spin excitation spectrum Imχzz,r11 (ω) becomes much more
broad and shifts to the higher frequency region. The in-
terdot spin excitation spectrum Imχzz,r12 (ω) also becomes
significantly large.
The static spin correlation between QDs 〈Sz1Sz2 〉 can
be obtained according to the fluctuation-dissipation the-
orem: 〈Sz1Sz2 〉 = −
∫∞
0
dωImχzz,r12 (ω)/pi. In Fig. 5(c) the
static spin correlation 〈Sz1Sz2 〉 vs. the interdot tunnel cou-
pling tc is plotted. 〈Sz1Sz2 〉 always has a negative value as
long as tc 6= 0, indicating an antiparallel configuration of
the electron spins in DQDs is favored. The value of static
spin correlation decreases significant when tc increases,
5e.g., 〈Sz1Sz2 〉 is lesser than −0.1 as tc > 1.5. We can re-
gard it as an evidence of a spin singlet like state formed
in the many body ground state of the DQDs. Since it is
well known that for an isolate spin singlet the values of
the static spin correlation 〈Sz1Sz2 〉 = −0.25, and in this
DQD system both of charge fluctuations and many body
correlation effects will influence the static spin correla-
tion.
IV. SUMMARY
In summary, we have studied the electron transport
through a parallel DQD system with interdot tunnel cou-
pling and strong on-site Coulomb interactions. The in-
troduction of scalar potential fields acting on electrons
in QDs by using the Hubbard-Stratonovich transforma-
tion and the quantification of the statistical properties of
fluctuating potential fields are essential to take into ac-
count the charge and spin fluctuations in this system. We
describe the competition between the Kondo effect and
the exchange interaction by a self-consistent perturba-
tion theory within the 2PI effective action formulation.
We find that there is a continuous crossover from the
Kondo regime to the spin singlet regime in the ground
state of this DQD system as the interdot tunnel cou-
pling increases. One can expect that this self-consistent
perturbation theory on the Keldysh contour presented
in this work is not limited to be useful in the study of
quantum transport through zero-dimensional QDs, but
also has important applications in the study of quantum
phase transitions in higher dimensional strong-correlated
electron systems.
ACKNOWLEDGMENTS
This work was supported by the National Natural Sci-
ence Foundation of China (Grant No: 11674223).
1 W. G. van der Wiel, S. De Franceschi, J. M. Elzerman,
T. Fujisawa, S. Tarucha, and L. P. Kouwenhoven, Rev.
Mod. Phys. 75, 1 (2002).
2 R. Hanson, L. P. Kouwenhoven, J. R. Petta, S. Tarucha,
and L. M. K. Vandersypen, Rev. Mod. Phys. 79, 1217
(2007).
3 H. van Houten, C. W. J. Beenakker, and A. A. M. Staring,
in Single Charge Tunneling (edited by H. Grabert and M.
H. Devoret, NATO Advanced Studies Institutes, Series B:
Physics, Vol. 294 Plenum, New York, 1992).
4 D. Goldhaber-Gordon, H. Shtrikman, D. Mahalu,
D. Abusch-Magder, U. Meirav, and M. A. Kastner, Nature
391, 156 (1998).
5 S. M. Cronenwett, T. H. Oosterkamp, and L. P. Kouwen-
hoven, Science 281, 540 (1998).
6 S. van der Wiel, W. G.and De Franceschi, T. Fujisawa,
J. M. Elzerman, S. Tarucha, and L. P. Kouwenhoven,
Science 289, 2105 (2000).
7 R. M. Potok, I. G. Rau, H. Shtrikman, Y. Oreg, and
D. Goldhaber-Gordon, Nature 446, 167 (2007).
8 R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys.
80, 395 (2008).
9 A. K. Mitchell and R. Bulla, Phys. Rev. B 92, 155101
(2015).
10 W. Metzner, M. Salmhofer, C. Honerkamp, V. Meden, and
K. Scho¨nhammer, Rev. Mod. Phys. 84, 299 (2012).
11 N. S. Wingreen and Y. Meir, Phys. Rev. B 49, 11040
(1994).
12 B. Horva´th, B. Lazarovits, and G. Zara´nd, Phys. Rev. B
84, 205117 (2011).
13 N. E. Bickers, D. J. Scalapino, and S. R. White, Phys.
Rev. Lett. 62, 961 (1989).
14 N. E. Bickers and S. R. White, Phys. Rev. B 43, 8044
(1991).
15 E. Gull, A. J. Millis, A. I. Lichtenstein, A. N. Rubtsov,
M. Troyer, and P. Werner, Rev. Mod. Phys. 83, 349
(2011).
16 G. Baym, Phys. Rev. 127, 1391 (1962).
17 L. P. Kadanoff and P. C. Martin, Phys. Rev. 124, 670
(1961).
18 J. M. Cornwall, R. Jackiw, and E. Tomboulis, Phys. Rev.
D 10, 2428 (1974).
19 D. Sexty, T. Gasenzer, and J. Pawlowski, Phys. Rev. B
83, 165315 (2011).
20 S. Bock, A. Liluashvili, and T. Gasenzer, Phys. Rev. B
94, 045108 (2016).
21 R. Zˇitko and J. Boncˇa, Phys. Rev. B 76, 241305 (2007).
22 R. Zˇitko, J. Mravlje, and K. Haule, Phys. Rev. Lett. 108,
066602 (2012).
23 G. H. Ding, F. Ye, and B. Dong, J. Phys.: Condens.
Matter 21, 455303 (2009).
24 G. H. Ding, C. K. Kim, and K. Nahm, Phys. Rev. B 71,
205313 (2005).
25 A. Wong, W. B. Lane, L. G. G. V. Dias da Silva, K. In-
gersent, N. Sandler, and S. E. Ulloa, Phys. Rev. B 85,
115316 (2012).
26 A. Posazhennikova, B. Bayani, and P. Coleman, Phys.
Rev. B 75, 245329 (2007).
27 T. Pohjola, H. Schoeller, and G. Scho¨n, EPL 54, 241
(2001).
28 T. Kubo, Y. Tokura, and S. Tarucha, Phys. Rev. B 77,
041305 (2008).
29 G. Zara´nd, C.-H. Chung, P. Simon, and M. Vojta, Phys.
Rev. Lett. 97, 166802 (2006).
30 M. R. Galpin, D. E. Logan, and H. R. Krishnamurthy,
Phys. Rev. Lett. 94, 186406 (2005).
31 A. J. Keller, J. S. Lim, D. Sa´nchez, R. Lo´pez, S. Amasha,
J. A. Katine, H. Shtrikman, and D. Goldhaber-Gordon,
Phys. Rev. Lett. 117, 066602 (2016).
32 R. Sa´nchez, R. Lo´pez, D. Sa´nchez, and M. Bu¨ttiker, Phys.
Rev. Lett. 104, 076801 (2010).
33 K. Kaasbjerg and A.-P. Jauho, Phys. Rev. Lett. 116,
196801 (2016).
34 G. H. Ding and B. Dong, Phys. Rev. B 87, 235303 (2013).
